
Design of Enzyme-pH Electrodes 

A theoretical framework useful for predicting the steady state 
response of enzyme-pH electrodes is developed. The model takes into 
account that the catalytic activity of the enzymes as well as the degree 
of dissociation of the product acids and bases is strongly dependent 
upon the local pH, and that buffering salts present in solution facilitate 
the transport of H+ ions. It is shown that the electrode should operate 
under substrate diffusion-limited conditions and the concentration of H+ 
ions should not have steep variations within the enzymic membrane. 
This condition can be fulfilled by adjusting the buffer concentration in 
the bulk solution. In the latter conditions the electrode response does 
not depend on the actual kinetics of the enzymic reaction, and can be 
predicted by an algebraic equation. The predictions are in excellent 
agreement with the experiments on penicillinase-pH and urease-pH 
electrodes. 
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Introduction 
Enzyme electrodes are novel biochemical sensors for monitor- 

ing a variety of species that cannot readily be analyzed by direct 
analytical techniques. These electrodes are potentially of value 
in clinical, environmental, and industrial applications (Gough 
and Andrade, 1973; Wingard et al., 1981). The principle is that 
the species of interest undergoes an enzyme-catalyzed chemical 
reaction that either yields products or involves cosubstrates 
which can be analyzed electrochemically. In practice, enzyme 
electrodes are made by wrapping a membrane containing the 
immobilized enzyme on an electrode that is sensitive to one of 
the products or unconsumed cosubstrates. Since the product- 
specific electrode senses the concentration of the product a t  the 
membrane face opposite the face exposed to the bulk solution, 
the overall response behavior of the enzyme electrode is deter- 
mined by the steady state concentration distribution of the prod- 
uct within the membrane. The latter is governed by the coupled 
transport and reaction phenomena taking place in the enzymic 
membrane. 

The concept of an enzyme electrode was first proposed by 
Clark and Lyons (1 962). Updike and Hicks (1 967) developed 
the first electrode by polymerizing a gelatinous glucose oxidase- 
containing membrane over a polarographic oxygen electrode. 
They used this electrode for monitoring glucose. Subsequently, 
enzyme electrodes were developed for several other important 
biochemicals such as alcohol (Clark, 1972), urea (Guilbault and 
Hrabankoua, 1970a), amino acids (Guilbault and Hrabankoua, 
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1970b, 1971), amygdalin (Llendo and Rechnitz, 1971), lactates 
(Williams et al., 1970), tyrosine (Guilbault and Shu, 1972; Ber- 
jonneau et al., 1974), and phenylalanine (Berjonneau et al., 
1974). The latest advances have been recently reviewed by Guil- 
bault (1984) and by Scheller et al. (1985). In most of the previ- 
ously mentioned electrodes, the enzymic reaction involved one of 
the following few products: NH;, CN-, COz, or 0,. For these 
products, specific electrodes that can measure their concentra- 
tions are readily available. 

The successful design of an enzyme electrode involves finding 
a suitable product-specific electrode with well-defined perfor- 
mance characteristics, namely, stability, selectivity, sensitivity, 
and linearity. Often, product-specific electrodes do not exhibit 
the necessary selectivity and stability. Furthermore, most ion- 
specific electrodes exhibit Nernstian (linear) response only over 
a limited range of ion concentrations, and deviate substantially 
a t  both high and low concentrations. These limitations of prod- 
uct-specific electrodes can severely impair the performance of 
enzyme electrodes. 

Conventional glass pH electrodes exhibit selectivity and sta- 
bility characteristics that are undoubtedly far superior to any 
other known electrodes. They also display Nernstian response 
over a very wide range of H +  concentrations (1 to M). 
More importantly, a plethora of enzyme-catalyzed reactions 
involve H +  ion formation or consumption. Thus the utilization of 
conventional pH electrodes as the sensing component seems to 
offer a versatile and accurate enzyme electrode for monitoring a 
variety of substrates that produce or consume acids. Indeed, 
Nilsson et al. (1 973) developed enzyme-pH electrodes for sens- 
ing glucose, urea, and penicillin-G by entrapping the enzymes 
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glucose oxidase, urease, and penicillinase, respectively, either in 
polyacrylamide gels or in cellophane membranes. They observed 
a highly reproducible response behavior of their electrodes, even 
a t  very low values of the concentration of the monitored sub- 
stances. More recently, pH-sensitive enzymic field effect tran- 
sistors (ENFET) have successfully been fabricated by Caras et 
al. (1985b.c) and Flanagan and Carroll (1986) for monitoring 
glucose and benzyl-penicillin. The physicochemical phenomena 
involved in the functioning of these electrodes are much more 
complex than those of other product-specific enzyme electrodes 
for the following three reasons. 

First, the catalytic activity of enzymes is sensitive to the pH of 
their environment. Typically, a plot of enzymic activity vs. pH 
displays bell-shaped behavior (Bailey and Ollis, 1977). There- 
fore, in reactions involving the production or consumption of H+ 
ions the nonuniform pH distribution that arises in the mem- 
brane due to the diffusional resistance encountered by the H+ 
ions leads to a spatial variation of enzymic activity inside the 
membrane. The spatial dependence of the enzyme’s activity 
affects the production of the acid, which in turn modulates the 
pH distribution itself. This feedback process determines the 
final pH value at  the membrane face in contact with the pH 
electrode. 

Second, buffers (weak acids) added to the bulk solution bath- 
ing the membrane can facilitate proton transport out of (or into) 
the membrane (Engasser and Horvath, 1974; Deem et al., 1978; 
Ruckenstein and Varanasi, 1984). In other words, the conjugate 
base of the acid-base pair forming the buffer acts as a carrier 
that binds H’ ions reversibly and augments their transport from 
(or into) the membrane by creating an alternate diffusion path. 
This flux enhancement of protons by buffers strongly affects the 
electrode response. 

Third, in most cases the acids and/or bases produced during 
the enzymatic reactions are weak in nature. If the product is a 
strong acid, it will completely dissociate into an H +  ion and a 
conjugate base instantaneously upon formation, and the two 
species will diffuse through the membrane independently. How- 
ever, when the product is a weak acid, it only dissociates partial- 
ly. Hence, the transport of H +  ions and of the conjugate base is 
coupled by the equilibrium requirement, and the response of the 
enzyme electrode will be a function of the degree of dissociation 
of the product. 

This paper develops a theoretical framework to predict the 
steady state response behavior of enzyme-pH electrodes, a 
framework that accounts for each of these effects. The model 
allows for the simultaneous formation of an acid and a base in 
the enzymic reaction. By proper manipulation of the governing 
species conservation equations, the effect of facilitation of pro- 
ton transport by externally added buffer as well as by the prod- 
uct weak acid and/or base is lumped into an apparent diffusivity 
Do,,, which replaces the diffusivity of the H +  ion in the reaction- 
diffusion equation. The resulting nonlinear, second-order differ- 
ential equation with concentration-dependent diffusivity was 
solved numerically together with the substrate conservation 
equation. When the enzymic reaction in the membrane is con- 
trolled by substrate diffusion, the H +  ion concentration a t  the 
membrane-electrode interface can be related to the bulk sub- 
strate concentration by an algebraic equation that does not 
involve any of the kinetic parameters of the specific enzymic sys- 
tem. Finally, the predictions of the present theoretical model are 
tested against the experimental data of Nilsson et al. (1973) for 

urea and penicillin-(; with urease-pH and penicillinase-pH elec- 
trodes. 

We recently were made aware of the experimental and 
numerical study of pH-enzymic sensors by Caras et al. 
(1985a,b,c) for enzymic reactions involving the formation of a 
single acid. These authors’ simulation involves direct numerical 
integration of the relevant equations. In contrast, the algebraic 
equation proposed here can explain their experimental data in a 
more simple and direct way (Varanasi et al. 1987). 

The Model 
A schematic representation of the enzyme-pH electrode is 

shown in Figure 1. The stirring rate is assumed to be high 
enough to maintain the concentrations a t  the membrane-solu- 
tion interface equal to those in the bulk solution. The bulk solu- 
tion contains, in addition to the substrate, small amounts of an 
externally added buffer (weak acid), WH. The concentrations 
of different reaction products in the bulk solution are assumed to 
be negligible, and the bulk pH is fixed at  the value pH’. 

The following enzyme-catalyzed hydrolysis reaction is con- 
sidered: 

S + 7RH,O- 7AAH + 7BBOH + yPP, (1) 

where S denotes the substrate; AH, BOH, and P denote the 
acidic, basic, and other products of the hydrolysis reaction, 
respectively; and the y’s are the stoichiometric coefficients. The 
acidic and/or basic products formed undergo instantaneously 
the following protonation-deprotonation reactions: 

+ H +  K A =  

and 

where k’s are rate constants and KA and KB are equilibrium con- 
stants. 

Fucilitution of proton transport by added buflev, WH 
To gain some understanding of the role of the added buffer, 

let us first consider that both the acid AH and the base BOH 
formed in the enzymic reaction are strong (i.e., in reactions 2 
and 3 ,  KA and KB have very large values). Therefore, 
(17, - ysI) moles of H +  ions are liberated (or consumed) for 

Enzymic 
Membrane I 

x-u  

Figure 1. Enzyme electrode model. 
Immobilized enzymic membrane extends from x = 0 to 1. 
Bulk solution in which enzyme electrode is dipped begins at x = 1. 
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each mole of substrate consumed. The carrier mechanism of the 
added weak acid consists in the binding of these protons instan- 
taneously to the conjugate base (i.e., W - )  according to the 
reversible reaction, Eq. 4, and the diffusion of the resulting WH 
species into the bulk solution if (7, - y,) > 0, and diffusion into 
the membrane if ( y A  - y,) < 0. 

H’ ion 

d2cH+ 
DH+ ___ dx2 = - rA + r, - rw 

d2C,- r A  D,- ___ dx2 = - 

A -  ion 

(4) (9) 

If the acidic and/or basic products of the enzymic reaction 
are weak (i.e., if K ,  and K B  of reactions 2 and 3 are not large), 
the number of protons liberated (or consumed) per mole of sub- 
strate reacted will be smaller than (7, - y,l. The added buffer 
still enhances the transport of the liberated Hf ions via the 
aforementioned mechanism. However, in this case the associa- 
tion-dissociation equilibria corresponding to reactions 2 and 3 
must be satisfied at  every location in the membrane. 

B -  ion 

W- ion 

rs = -  
d2CB- 

dx2 
D g -  - 

d2C,- 
Dw-- dx2 = - r W  

Proton transport facilitation by weak acid 
andlor base products 

A comparison of Eqs. 2 and 3 with Eq. 4 suggests that one can 
consider the products A H  and/or BOH as additional proton 
transport facilitation agents present in the membrane together 
with the externally added weak acid. In other words, one can 
view the partial dissociation case as a complete dissociation case 
with the total amount of facilitation agent as the sum of the 
external buffer and the total acidic and/or basic product formed 
in reaction 1. One basic difference exists, however, between the 
facilitation caused by the product weak acids and/or bases and 
that resulting from the externally added buffer. In the latter 
case, the extent of facilitation can be controlled by fixing the 
total buffer concentration in the bulk solution, while in the 
former case, the rate of enzymic reaction itself determines the 
amount of products and hence the extent of facilitation. As 
shown later, the above viewpoint proves to be extremely useful in 
predicting and understanding the electrode response. 

Conjugate acid, WH 

d2Cw 
dx  D , 7 =  r W  

where, 

and 

In the above equations, the D’s are the diffusivities of the vari- 
ous species and the C’s their concentration at  any location 
within the membrane, r;s ( i  = A, B, or W )  denote the molar 
rates per unit volume of reactions 2, 3, and 4, respectively, and 
R(CH+, C,) represents the rate of the enzymic reaction (i.e., 
moles of substrate consumed per unit volume and unit time). 

The pore structure of the membranes does not usually lead to 
any selective partitioning of the solutes into the membrane 
phase, and hence one can write the following boundary condi- 
tions at  the membrane-solution interface: 

Governing equations 
A steady state mass balance on a slice of differential thickness 

Ax in the enzymic membrane, Figure 1, leads, in the absence of 
convection, to the following differential equations for the vari- 
ous species: 

Substrate 

CS(X = a )  = c: 

(17) C,, = CEO, = C,- = CB- = 0 at  x = R 
Product weak acid. A H  

c w -  ( x  = a )  + C,(X = a )  = CtW 

Product weak base, BOH where C i  and C;+ are the bulk concentrations of the substrate 
and protons, respectively, and C:, is the total bulk concentra- 
tion of the externally added buffer. Since the membrane-pH 
electrode interface is impenetrable to all species, the flux of each (7) 
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is zero there: 

dCi 
- ( x  = 0)  = 0 
dx d2CTW D - = O  

dx2 for i = S,  AH, BOH, H+,  A - ,  B - ,  W - ,  and WH (20) 

d2CH+ d2CAH d2CBoH 
D -  dx2 + D - - D -  

dx2 dx2 
It should be noted that in Eqs. 5-12 one assumes that diffu- 

sion can be described by Fick’s equation. In reality, charged spe- 
cies are involved in the transport process. During the diffusion of 
such ionic species, an electrical potential gradient (diffusion 
potential) develops in the medium in order to arrest the flow of 
electric current arising due to the different diffusivities and 
charges of the ions (Zabusky and Deem, 1979; Ruckenstein and 
Kalthod, 1982). The net effect of this electric field is to enhance 
the transport of the slower ions and retard the faster ions. Thus, 
transport of ions is coupled by the diffusion potential. However, 
the electric field and its effect on ion fluxes become negligible if 
the ionic strength of the medium is large enough. In most exper- 
imental systems the ionic strength is deliberately maintained 
high (>0.1 M) by adding a strong electrolyte to the system in 
order to suppress these electrical effects (Nilsson et al., 1973). 
Furthermore, in systems of high ionic strength in which the 
transport of various ionic species is facilitated by rapid chemical 
reactions, flux alterations caused by diffusion potential and dif- 
ferences in diffusion coefficients are much less significant com- 
pared to the flux changes resulting due to reaction-diffusion 
coupling (Ruckenstein and Varanasi, 1982). Therefore, it will 
be assumed that Fick‘s law is valid and the individual diffusion 
coefficients of the ions will be replaced by an effective diffusion 
coefficient D, which is assumed to be the same for all ions. Fur- 
ther, for the sake of simplicity, it will be assumed that the diffu- 
sion coefficient of the uncharged species is also equal to D. 

Since the protonation-deprotonation rates involving conju- 
gate acid-base pairs are extremely fast, in each of the Eqs. 29- 
3 1 the characteristic time of either the forward or the backward 
reactions is much smaller than the characteristic time for diffu- 
sion of the species through the membrane. Consequently, it is 
legitimate to replace Eqs. 29-31 with the following three 
approximations: 

Simplification of the equations 
The continuity equations, Eqs. 5-12, are rewritten in such a 

manner that they do not explicitly involve the intrinsic reaction 
rates of the instantaneous reactions 2,3, and 4. This is achieved 
by defining “composite species”: 

This leads to: 

(35) 

and 
and 

Substitution of Eqs. 35-37 into Eq. 28 leads to: where CTA, CTB, and CTW are the total, that is the sums of disso- 
ciated and undissociated, concentrations of the species AH, 
BOH, and WH at  any location within the membrane. Using 
Eqs. 21-23, Eqs. 5-12 become: 

d2Cs 
dx2 

D- = R(CH+, Cs) 

The subsequent analysis is based on the system of Eqs. 24-27 
and 38, whose dimensionality is smaller than that of the original 
system by three units. 
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Apparent diflusivity of protons in the presence of weak 
acids andlor bases and buflev 

Integrating Eq. 27 subject to the boundary conditions: ( 1 )  
that the flux of the species is zero at  the membrane-electrode 
interface, and (2) that the total added buffer concentration in 
the stirred solution, CbTw, is known, one obtains 

CTw(x)  = CbTW = constant (39) 

Therefore, Eq. 38 becomes: 

where 

G B K B  + + 
(Kw + CH+)’ (KA + CH+)’ ( 1  + KBCH+)‘ 

1 

An examination of the second, third, and fourth terms of the lat- 
ter expression indicates that the product acid and/or base, when 
weak, augments the transport of H+ ions through the membrane 
in a way very similar to that of the externally added buffer. It is 
possible to derive explicit expressions relating CTA and CTB to 
CH+. These relations will enable one to express the apparent dif- 
fusivity of protons as a function of CH+ only, and thus to reduce 
Eq. 40 to a reaction-diffusion equation for protons with a con- 
centration dependent diffusion coefficient. 

Functional dependence of c,, and c,, on cH+ 

to obtain 
First, R(CH+, C,) can be eliminated between Eqs. 25 and 26 

Similarly, one can also eliminate R ( C H + ,  C,) between Eqs. 38 
and 25, and the resulting equation can be integrated once with 
respect to x to obtain 

The integration constant, Q, is zero because the quantities in the 
brackets on the lefthand side of Eq. 44 are CAH, CBoH, and CwH, 
respectively-see Eqs. 35-37-and the fluxes of all species van- 
ish at  x = 0. Upon substituting Eqs. 39 and 43, Eq. 44 reduces 
to: 

(45) 

Solving Eq. 45 for the boundary condition that C ,  is negligible 
in the bulk yields: 

One can now express easily CTA. CTB, dCTA/dCH+, and dCTB/ 
dCH+ in Eq. 41 in terms of CH+, with the help of Eqs. 43, 45, and 
46 to obtain: 

1 d2CTA 1 d‘C,, Equation 47 relates the apparent diffusivity of protons to the 
Y A  d X 2  Y B  dX’ (42) local H +  ion concentration, the pK and the total concentration 

of the added buffer in the bulk solution, the stoichiometric coef- 
ficients and the protonation-deprotonation equilibrium con- 

solution. Substituting this expression for Dapp into the overall 
reaction-diffusion equation for protons, Eq. 40, decouples the 
latter from all the dependent variables except the substrate con- 
centration, which appears in the rate expression R ( C H + ,  es). 
Therefore, Equations 40 and 24 have to be solved simulta- 
neously to determine the electrode response. 

--=_- 

Integrating Eq, 42 twice with respect to x, subject to the boun- 

levels in 
dary conditions that ( 1) the fluxes of both TA and TB vanish at  stants Of the acid base products, and the pH Of the 

~ o, and (2) TA and TB have 
the bulk solution, leads to 

Y A  

YB 
(43) Ci-A(x) = - Ci-B(x) 
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Substrate concentration expressed in terms of proton 
concentration 

The addition of Eqs. 24 and 40 leads to 

Integrating and using the boundary conditions given in Eq. 20, 
one obtains 

(49) 

Using Eq. 47 for Dopp, Eq. 49 can be integrated once more across 
the membrane thickness for the boundary conditions of Eq. 16 
and 18, to obtain: 

1 CbTWKW c; = c; + (C,"+ - CL+) 
(Kw + C i + ) ( K ,  t C,"+) 

Equation 50 can be used to determine the electrode response 
for any C i  provided that the corresponding value of C z  is known. 
When the enzymic reaction is substrate diffusion-limited, Cg 
becomes negligibly small compared to C$ and Eq. 50 allows one 
to predict the electrode response without knowing the actual 
kinetics of the enzymic reaction and the diffusion coefficients. 

Model Predictions and Comparison with 
Experimental Data 

Due to its mathematical complexity, the above general for- 
mulation does not provide enough insight into the various phe- 
nomena associated with the electrode performance when C," is 
not small. In order to remedy this situation, one can consider, 
successively, the following three types of electrodes in which the 
enzymic reaction produces: 

1. Only an acid or a base that is strong 
2. Only an acid or a base that is weak 
3 .  Both an acid and a base that are weak 
Most experimentally studied enzyme-pH electrode systems 

fall into one of the above three categories. The hydrolysis of glu- 
cose in the presence of oxygen to gluconic acid by glucose oxi- 
dase 

glucose + O2 + H 2 0  - gluconic acid + H202 (51a) 

constitutes an example for case 1, because gluconic acid 
(pK, - 3.5) undergoes essentially complete dissociation for 
pH > 4. 

penicillin-(; + H,O - penicilloic acid (51 b) 

involving the hydrolysis of the P-lactam ring of penicillin-G by 
the enzyme penicillinase (p-lactamase) serves as  an example for 
case 2, since penicilloic acid (pK, - 6.4) dissociates only par- 
tially in the pH range of 5-8. Finally, the hydrolysis of urea by 
the enzyme urease 

H,NCONHI + 2H20 - H,CO, + 2NH3 (51c) 

AlChE Journal April 1987 

constitutes an example of case 3 since it involves the production 
of both an acid (H,CO,) and a base (NH,), both of which 
undergo partial protonation-deprotonation over a wide range of 
PH. 

Reaction mechanism 
The rate R is given by the Michaelis-Menten kinetics: 

where V,, is the maximum limiting rate obtained for a very 
large substrate concentrations C,, and K ,  is the Michaelis con- 
stant. The values of the parameters V,, and K ,  depend upon 
the pH of the medium. 

For a variety of enzymes, the monoionized form of a diacidic 
side group of the enzyme constitutes the catalytically active site, 
and either protonation or deprotonation of this monoionized 
state renders the group inactive (Cornish-Bowden, 1979). For 
such enzymes, VmoX is given by (Cornish-Bowden, 1979): 

(53) 

where k is the rate constant for the irreversible decomposition of 
the monoionized enzyme-substrate complex into products, e, is 
the total enzyme concentration, and K ,  and K2 are the equilib- 
rium constants for the protonation and deprotonation reactions 
that deactivate the monoionized state. Furthermore, K ,  for such 
enzymes can be considered to be independent of pH. Therefore, 
one obtains for R: 

where V* = ke,. 
Equation 54 will be employed for most of the following analy- 

sis. However, while comparing the model predictions with the 
experimental data of a given enzymic system, the actual expres- 
sions describing the pH dependence of V,, and K, for that sys- 
tem will be used if they are different from Eq. 54. (Equations 40 
and 24 were solved simultaneously using the technique of 
orthogonal collocation on finite elements [Carey and Finlayson, 
19751 after substituting Eq. 54 for R.) 

Case 1. Enzymic reaetiott produces a strong acid with 
T A  = 

No Added Buffer Present. In this case C;w = 0 and the pair of 
differential equations governing the electrode response are: 
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and 

To determine the electrode response, Eqs. 55 and 56 must be 
solved for the boundary conditions of Eqs. 16, 18, and 20. It is 
convenient to cast Eqs. 55-56 into the following dimensionless 
form: 

and 

where F = (x/!Z), c = ( C H + / K ] ) ,  ZS = (CSI’KM), x = (K2/Kd7 
X = ( K M / K l ) ,  and 4 = (V* !Z2/DK,)I12. The parameter 4 is the 
Thiele modulus, which represents the ratio of the characteristic 
time of diffusion of the substrate to that of its reaction within the 
membrane. 

It has been recognized (Blaedel et al., 1972, Brady and Carr, 
1980; Gough and Leypoldt, 1981) that 4 is a valuable parameter 
in the design of enzyme electrodes. To demonstrate its role, and 
to streamline the ensuing discussion, it is instructive to recapitu- 
late the important conclusions of Brady and Carr’s simulation of 
a product-sensitive enzyme electrode which does not involve 
generation or consumption of acids. In this case, Eq. 57 assumes 
a much simpler form because the term in the parenthesis is a 
constant. (This constant will have its optimal value Fo if the bulk 
solution is a t  the enzyme’s optimal pH). Equation 57 can then be 
solved separately to determine the substrate concentration at  
x = 0 (C:) which, in turn, can be used to determine the concen- 
tration of the product of interest a t  the sensor surface, C,”, using 
the following relation: 

c;= c; - c,“ (59) 

which is obtained by adding the conservation equations for the 
substrate and the product of interest and integrating the result- 
ing equation with the appropriate boundary conditions across 
the membrane thickness. 

Solution of Eq. 57 reveals that when 4’(=4@) is large, C,” 
is negligible compared to C i  up to C i  values >> K,; thus the 
response of the electrode is linear to high bulk substrate concen- 
trations; see Eq. 59. However, for low values of 4’, the signal for 
a given bulk substrate concentration is significantly reduced and 
becomes nonlinear because C,” is not negligible compared to C i .  
The substrate concentration up to which linearity is desired dic- 
tates the minimal required value of 4’. Brady and Carr estab- 
lished that the response of the electrode for a specific bulk sub- 
strate concentration is linear provided that the value of 4’ for the 
electrode satisfies the following inequality: 

Returning to the enzyme-pH electrodes, the above conclu- 
sions on product-sensitive electrodes suggest that designing 
these electrodes with a high value of 4 may ensure linear 
response of the electrode over a wide range of substrate concen- 
trations. However, the case of enzyme-pH electrodes is more 
complicated. The activity of enzymes as a function of pH passes 
through an optimum, as depicted in Figure 2. Thus, even when 
the bulk solution bathing the membrane is maintained at  the 
optimal pH of the enzyme, the diffusional resistance encoun- 
tered, a t  the proposed high values of d, by the H +  ions produced 
in the enzymic reaction leads to a significant pH depression 
within the membrane. This causes a drastic reduction in the cat- 
alytic activity of the enzymic membrane in accordance with the 
activity behavior displayed in Figure 2. In other words, the 
effective value of @‘( =4 rfl for enzyme-pH electrodes will 
become much lower than C#J @ and thus the electrode exhibits 
saturation characteristics a t  much lower values of C i  compared 
to a product-sensitive electrode operating under identical condi- 
tions. 

In Figure 3a the H +  ion and substrate concentration distribu- 
tions (obtained by solving Eqs. 57 and 58) are plotted at  dif- 
ferent C i  values for an enzymic reaction with a pH activity 
behavior corresponding to that of Figure 2, and having a KM of 
7.7 x M; the 4 value is 18.8 and pHb is 6.75. Even at  this 
moderate value of 4, the pH within the membrane falls by sev- 
eral units with respect to its bulk value, starting from very low 
values of C i  (i.e., C i s  K,). In fact, for bulk substrate concen- 

Figure 2. Normalized activity V,,,J V* of enzyme penicil- 
linase (8-lactamase) as a function of pH. 
K ,  = M, K2 = M; see Eq. 53. 
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Figure 3. Computed intramembrane substrate and pH distribution profiles for a hypothetical enzyme with the same K,, 
K, values as penicillinase, but producing a stronger acid. 
Figure 3a. No external buffer present in bulk solution. 
Figure 3b. Buffer of pK 7.21 added to bulk solution at concentration level of 5 x M. 

trations as small as 2.5 x M (which is only about 3.5 times 
the KM), the internal pH in most of the membrane has already 
fallen to a value of less than 4, which reduces the activity to 
about 10% of its value at  the bulk pH; see Figure 2. It can also be 
noted from the figure that the fractional change in substrate 
concentration between the two faces of the membrane, f = 

[(Ci - C,”)Ci], decreases as C, is raised, changing from a 
value of unity a t  low Ci values to about 0.45 for C i  - 1 .O x 
M. As can be seen from Eq. 59, this decrease in fractional drop 
of substrate concentration across the membrane leads first to 
nonlinearity in the electrode response, followed by eventual 
saturation. Curve a of Figure 4, which depicts the computed 
response behavior of the electrode, indicates that the electrode 
does indeed saturate for C i  2 6 K,, and the response becomes 
nonlinear for values of C i  around 3 Kw However, Eq. 60 of 
Brady and Carr indicates that for product sensitive electrodes, 
linear response is obtained at  this value of 4 to a t  least 6 Kw 
Therefore, this premature saturation of the electrode is a mani- 
festation of the loss in activity of the membrane due to the pH 
depression. 

Since the response characteristics of the enzyme-pH elec- 
trodes are impaired by the diffusional limitations on the Hf 
ions, one can expect the externally added weak acids, which 
facilitate the transport of these ions, to be able to modify the 
response behavior significantly. 

Effect of Buffers on Strong-Acid Electrodes. To compute the 

response behavior in the presence of an external buffer, one has 
to solve Eq. 55 together with the equation: 

where 

Equation 62 for Dopp is obtained by setting yA = 1, yB = 0, and 
KA - rn in Eq. 47. It shows that a t  a given value of the total 
concentration of the added acid, C”,, the ratio (Dopp/D): 

1. Is close to unity for pH values much below pK, 
2. Can become orders of magnitude larger than unity for pH 

values higher than pK, 
3. Can be maximized, for any given pH, by choosing a buffer 

whose pK is equal to the pH. 
In view of this interesting dependence of Dapp on its parame- 

ters, maximum advantage, in terms of alleviating the adverse 
pH gradients in the membrane, can be gained by using a buffer 
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with a pK equal or close to the bulk pH, a t  a concentration level 
dictated by the Thiele modulus of the electrode. Of course, the 
natural choice for the pH of the bulk solution is the pH corre- 
sponding to the optimal activity of the native enzyme. 

Figure 3b clearly shows that an added weak acid, satisfying 
the above criteria, can create, even when present a t  very small 
concentrations, a dramatic alteration in the intramembrane pH 
distribution. Indeed, for bulk substrate concentrations compara- 
ble to or smaller than K,, the pH gradients in the membrane 
have essentially been eliminated, making C:+ almost equal to 
C",. At higher values of Ci, however, the proton transport facil- 
itation by the added acid does not lead to a total elimination of 
the pH gradient, although the difference in the pH values a t  the 
two faces of the membrane, ApH ( =pH' - pHb), has been con- 
siderably reduced. It is pertinent to note that buffers are added 
to the bulk solution in order to alleviate drastic pH gradients in 
the membrane that severely limit the range of Ci values over 
which the electrode response is linear. One must not, however, 
totally eliminate the pH gradients, because the very principle on 
which the enzyme-pH electrodes function is to monitor the vari- 
ation of pHo relative to pHb for a specified change in Ci. Thus, 
the larger the change in pHo for a specified change in Ci,  the 
higher is the intensity of response of the electrode. On one hand, 
large changes in the membrane pH are desirable because they 
lead to strong electrode signals. On the other hand, too large 
changes are deleterious to the electrode performance because 
they tend to deactivate the enzyme. The strategy, therefore, is to 
use an appropriate amount of external buffer, which will reduce 
the pH gradients to an extent sufficient to maintain the mem- 
brane at  a fairly high activity level over a large range of C i  val- 
ues, while permitting a perceptible and measurable variation in 
pHo with changing values of Ci. A comparative examination of 
the response of the electrode, in the presence and absence of the 
external buffer, displayed in Figure 4, shows that a concentra- 
tion level of 5 x lo-' M of the added weak acid does indeed 
achieve the desired effect. In the rangeof Civalues for which, in 
the absence of added weak acid, the electrode exhibits satura- 
tion characteristics, measurable responses become possible in 
the presence of added buffer. 

Finally, one may note that, unlike Figure 3a, in Figure 3b the 
transmembrane fractional substrate concentration drop, is 
very close to unity over the entire range of C i  values considered. 
One may also recall that whenf+ 1, (i.e., when C," << Ci), a 
linear response behavior is expected from the electrode in the 
absence of buffer. However, whenf- 1 one obtains the follow- 
ing simple algebraic equation relating pHo to Ci in the presence 
of an added buffer, when the product acid is strong: 

This equation is obtained from Eq. 50 by setting yB = 0, letting 
K A  - 00, and considering C i  >> C:. Over the entire range of Ci 
values for which Cb,,can bring the value offclose to unity, Eq. 
63 can predict the electrode response. 

All of the above conclusions drawn for strong acids are 
equally valid when the enzymic reaction produces instead a 
strong base, the only difference being that in the latter case, 
pHo > pHb, while in the former pHo < pHb. The corresponding 
equations describing the electrode performance for the strong 
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present at a Concentration = 5x1W3M 
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Figure 4. Computed response behavior of an enzyme-pH 
electrode with design parameters as in Figure 
3, pHb = 6.72. 

base case are obtained by simply setting ya = 0, ye = 1, and 
KB + co in the equations derived in the previous section. 

Case 2. Enzymic reaction produces a weak acid with 
YA = 1 

Response Behavior of Weak Acid Electrode with N o  Added 
Buffer. When the acid generated dissociates only partly and 
when there is no externally added buffer, the two conservation 
equations, Eqs. 55 and 61, can still be used to describe the elec- 
trode performance, but the apparent diffusion coefficient, D,,,, 
of protons in Eq. 61 changes. The new expression is obtained by 
setting yA = 1, yB = 0, and CbrW = 0 in Eq. 47, and is: 

In curve a of Figure 5 ,  the electrode response obtained by 
numerically solving the pair of Eqs. 55 and 61, with Dapp given 
by Eq. 64, is plotted for the parameter values in the figure cap- 
tion. Figure 6a shows the intramernbrane substrate and pH pro- 
files leading to the computed electrode response. As shown by 
curve a of Figures 5 and 6a, the electrode exhibits a linear 
response over the range of C i  values for which the fractional 
substrate concentration drop across the membrane is close to 
unity (i.e., up to -2 x lo-' M). For higher C i  values, the 
response starts to become nonlinear and eventually saturation of 
the electrode occurs for C i  > 5 x M. It seems surprising, at 
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present at 5x1O3M Concentration 

- Computed Curve 

Experimental Data of Nilsson et al. (1973) 
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Figure 5. Response behavior of penicillinase-pH elec- 
trode. Parameter values: 

K ,  = 10-~*85 M K" = M 
@ = 18.8 

K2 = M pHb = 6.12 

KM = 7.7 x lo-' M 

first, that the computed response is linear whenf- 1, because 
Eq. 65 (which can be deduced from Eq. 50 for the present case) 
seems to indicate nonlinear response in this limit: 

c; II (cg+ - c;+> 1 + - ( E) 
However, when C$ >> C;+ and Cg+ >> K A ,  Eq. 65 becomes: 

The above two inequalities necessary for Eq. 66 to be valid are 
always satisfied because: 

1. the degree of product-acid dissociation is of concern only 
when the pK, is approximately equal to pHb (If pK, << pH', the 
dissociation of the acid will essentially be complete and one 
recovers the strong acid case. On the other hand, if pK, >> pH* 
the product acid does not dissociate a t  all, and hence there will 
be no H+ ion generation.) 

2. Cg+ is always greater than CL+ in  the absence of added 
buffer, see Figure 6a. Therefore, one expects the electrode 
response to be a linear function of log C i  with a slope of -0.5 for 
the range of Ct values in whichf- 1, and this is exactly what is 
observed in Figure 5a. 

It is interesting to note in this context that under identical 
conditions for a strong acid product, pHovaries linearly with log 
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Figure 6. Computed intrarnernbrane substrate and pH 
distribution profiles for penicillinase-pH elec- 
trode having response plotted in Figure 5. 
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Ci  at  very low C$ values, but the slope of this line was - 1 ,  
instead of -0.5, (see curve a, Figure 4), implying a more intense 
signal from the enzyme-pH electrode. Of course, in this latter 
case the C$ values up to which linearity prevails are much lower 
compared to the present case, and also saturation of the elec- 
trode occurs a t  much smaller values of Ci (Ci = 5 x 1 O-, M). 

Effect of 3uflers on Weak-Acid Electrodes. The effect of 
added buffers in this case is more pronounced than when the 
product acid is strong, as indicated by the following expression 
for D,p 

which is obtained by setting y A  = 1 and y B  = 0 in Eq. 47. The 
response behavior of the electrode can be computed in this case 
by simultaneously solving Eqs. 55 and 61 after substituting Eq. 
67 for D,. Once again, Figure 6b reveals the dramatic altera- 
tions in the  intramembrane pH and substrate concentration dis- 
tributions resulting from the addition of an extremely small 
amount ( = 5  x M) of a buffer (with a pK of 7.2) to the bulk 
solution of the electrode of Figure 6a. Indeed, the added buffer 
raises the activify level of the membrane to a high value, allow- 
ing it to function under substrate diffusion-controlled conditions 
(i.e.,f+ I )  even at  a value of lo-* M for C$ (compare Figures 
6a and 6b). Once again the fact that f was made by the presence 
of the buffer to approach unity over a large concentration range 
allows one to predict the electrode response by the following sim- 
ple algebraic equation: 

This equation is obtained by setting yA = I ,  yB = 0, and C," << Ci  
in Eq. 50. Curve b of Figure 5 displays the response behavior 
predicted by Eq. 68 for the same electrode whose response in the 
absence of added buffer was shown in curve a. 

The design as well as the kinetic parameters used in com- 
puting curve b in Figure 5 and the profiles in Figure 6b are those 
corresponding to the penicillinase-pH electrode developed by 
Nilsson et al. (1973) for monitoring penicillin-G. From the 
thickness of the membrane used in their experiments, the 
enzyme loading of their membrane, and the kinetic parameters 
of penicillinase (Waley, 1975) we computed that the experimen- 
tal electrode of Nilsson et al. had a Thiele modulus of 18.8. In 
their experiments, Nilsson et al. maintained the bulk solution a t  
the optimal pH of the enzyme and investigated the electrode 
response in the presence of 5 x lo-, M sodium phosphate buffer 
for bulk substrate concentrations ranging from 5 x to 1 x 

M. As was already noticed from Figure 6b, under these 
conditions f + 1 for the entire range of substrate concentrations 
investigated by these authors. Accordingly, Eq. 68 describes the 
response of their electrode. The experimental data of Nilsson et 
al. are shown as filled circles in Figure 5. It is indeed gratifying 
to note that Eq. 68 correctly predicts the experimental response 
behavior of this electrode. 

Further, when ( 1 )  KA = C",, (2) K w  - C",, and (3) C,"+ >> 

Ck+, Eq. 68 takes the following form: 

Thus, under these conditions the electrode response is linear 
with respect to log Ci. As already mentioned, the degree of dis- 
sociation of the product acid affects the electrode response only 
if K,, 'I Ci+ ,  and the effectiveness of the added buffer is maxi- 
mized only if its pK = pHb. Thus conditions ( I )  and (2) above 
are, in general, satisfied. However, C g +  is greater than C;+ in 
the presence of added buffers only at  relatively large values of 
Ci; at  low Ci values buffers tend to totally eliminate the intra- 
membrane pH gradients; see Figures 3b and 6b. It is, therefore 
possible to obtain a linear response from the electrode in the 
presence of added buffers a t  high C! values, precisely the range 
of C: values for which in the absence of buffers saturation of the 
electrode occurs. At low values of C$ however, the electrode's 
responsc becomes nonlinear and is also severely diminished in its 
intensity by the addition of buffers. However, note from curve a 
in Figure 5 that in the substrate concentration range where the 
electrode's response is mitigated by the presence of added buff- 
er, one obtains a linear, highly intense response in their absence. 
In view of these observations, the following strategy for the oper- 
ation of penicillinase-pH electrodes is proposed. At low values of 
C i ,  no externally added buffers should be employed; when, how- 
ever, C i  values are reached where the electrodes tend to prema- 
turely saturate, addition of a small quantity of buffer with a 
proper pK allows one to achieve a linear response up to the val- 
ues of C i  determined by Brady and Carr's correlation. 

Case 3. Enzymic reaction produces a weak acid and a 
weak base 

Nilsson et al. (1973) developcd an electrode for monitoring 
urea in physiological fluids. The hydrolysis reaction results in 
the formation of two moles of NH, and one mole of H,CO, for 
each mole of urea consumed. H2C0,  and NH3 undergo depro- 
tonation and protonation instantaneously, according to Eqs. 5 Id 
and 51e, which have equilibrium constant values of and 
10+9.25 M, respectively, a t  25OC. It follows that for all pH values 
less than approximately 9, the hydrolysis of urea leads to a net 
consumption of H' ions. The number of moles of H' ions used 
up per mole of urea consumed is dependent on the actual pH of 
the medium, and drops from 1.14 to zero in the pH range 
between 7 and 9, as shown in Figure 7. 

Dixon et al. (1 980) showed that for urease the dependence of 
V,,, upon pH is more complicated than for most other enzymes 
because urease has two ionization states which can decompose 
into products. 

KSEH) KSE",  KSEH 

+ H +  
SEH,  * SEH; - S E H -  & S H E  (70) 

+Ht 1 k ,  lk, 
products products 

Here SEH, denotes the enzyme-substrate complex (with i = 0, 
1, 2, 3 representing the different ionization states of the com- 
plex). Capital K's denote dissociation constants, and lower case 
k's denote the rate constants for the formation of products. 
Using kinetic data obtained at  38OC, Dixon et al. determined the 
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Curve b. Number of moles of H+ ions consumed 
per mole of urea reacting vs. pH. 

Curve generated from Eq. 71: k, = 3,600 s-'; k2 = 6,350 SKI; 

KSEH2 = lo-"' M; KsEH = M (Dixon et al., 1980) 

following values for the constants involved in the above mecha- 
nism: K S E H ,  = lo-' M ,  K S E H 2  = 10-6.25 M, KsEH = M, k,  = 

3,600 s-', and k,  = 6,350 s-'. These authors also ascertained 
that for the urease reaction, the Michaelis constant KM is inde- 
pendent of temperature and exhibits a very weak dependence on 
pH for pH values greater than 6-the pH range pertinent for 
use of the electrode in physiological fluids. (They report a value 
of 2.9 x M for K ,  in the pH-independent range). From the 
value of KSEH,, one can immediately infer that the fraction of the 
total enzyme in the form of SEH3 will be negligible for pH val- 
ues greater than 6, in which case the above mechanism leads to 
the following expression for V,,,,, (Stevens, 1986): 

The variation of Vmox with pH a t  38°C is shown in Figure 7. 
(Since the pH of physiological fluids -7.4, one can infer from 
the figure that when urease-pH electrode is immersed in body 
fluids, the intramembrane pH rise caused by the consumption of 
protons in the hydrolysis reaction may, unlike with many other 
enzymes, not necessarily lead to appreciable activity loss-par- 
ticularly if the pH rise in the membrane is within 1.5 units.) The 

two coupled equations, Eqs. 24 and 40, in which Dopp is given by 
Eq. 47, determine the response of the urease-pH electrode in the 
presence of added buffers. For urease, Eq. 71 replaces Eq. 53 in 
the expression of R(C,+, Cs). We compared the predictions of 
this model with the experimental data of Nilsson et al. (1973). 

They prepared two types of urease-pH electrodes. In the first, 
urease was immobilized in a polyacrylamide gel membrane that 
was cast on a pH electrode's bulb, and in the second type a por- 
ous cellophane dialysis membrane impregnated with the enzyme 
solution was wrapped around a pH electrode. The type I elec- 
trode was tested for its performance in physiological fluids, 
while type I1 was used at  room temperature to determine the 
electrode's behavior as a function of the buffer concentration of 
the bulk solution. The model predictions are compared with the 
data on both types of electrodes and the results are shown in Fig- 
ures 8 and 9, respectively. From the limited experimental infor- 
mation provided by Nilsson et al. it was not possible to estimate 
the value of Ip[=(kle,,P2/DK,)'i2] for either of the two types of 
electrodes. However, for the type I electrode, the thickness of 
the experimental membrane (-400 pm) and the high enzyme 
loadings employed by the authors appeared to indicate a very 
large value of 4. When Ip is large, one expectsfto approach unity 
as long as there is no appreciable loss in the enzymic activity of 
the membrane due to reaction-generated pH gradients. In this 
case, the response of the electrode can be predicted from the 
simple Eq. 50 as explained in the earlier section on substrate 
concentration expressed in terms of proton concentration. In- 
deed, the sodium acetate buffer present in the physiological salt 
solution used in the experiments alleviates large intramembrane 
pH gradients by facilitating proton transport, and hence f does 
approach unity for the type I electrode. This is indicated by the 
excellent agreement between the response behavior computed 

9.0 

Computed Response 

of Nilrzon et al. (1973) 
Experimental data 

8.6 

PHO 

C,b iM) 

Figure 8. Steady state response of urease-pH electrode 
(polyacrylamide entrapped) in a physiological 
salt solution containing sodium acetate buffer. 
37°C; pHb = 7.4; buffer pK - 4.76; concentration = 5.8 x lo-' M. 
Response computed using Eq. 50 with C," 5 0 and constant values: - 5.8 10-2 M irB = 10t9z5 M 
Kw - M y A  = 1 
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using Eq. 50 and the experimental data of Nilsson et al., 
Figure 8. 

For the cellophane-trapped membrane, r#J was varied to match 
the computed response with experiment for a single Ct ( M) 
a t  C;w = M. The same value of r#J was used further to pre- 
dict the response for all other C: values a t  Ckv = 1 x M, as 
well as the response behavior corresponding to CkW = lo-, M 
and 5 x M. This value of r#J is 2.1. As can be noted from 
Figure 9, the computed response does display all the experimen- 
tally observed trends and is in fair quantitative agreement with 
the data. It should be pointed out that the computations for this 
case were based on the pair of differential equations, Eqs. 24 and 
40, not on Eq. 50, since f in this case does not approach unity. 

Conclusions 
In view of the availability of highly stable and extremely 

accurate pH sensors, the use of conventional pH electrodes in 
conjunction with immobilized enzymic membranes seems to 
provide a very versatile and accurate enzyme electrode for moni- 
toring a large number of biochemicals that lead to H +  ion for- 
mation or consumption during the enzymic reaction. For these 
electrodes the physiochemical phenomena occurring in the im- 
mobilized enzymic membrane are  more complex than those of 
other product-sensitive enzyme electrodes because: 

1. The activity of the enzyme is sensitive to its microenviron- 
mental pH 

2. The degree of protonation/deprotonation of the product 
acids and/or bases is dependent upon the pH 

3. Externally added buffers can augment the flux of protons 
through the membrane 

It is now established (Brady and Carr, 1980; Gough and Ley- 
poldt, 1981) that one can obtain unsaturated response from 
product-sensitive enzyme electrodes up to substrate concentra- 
tions orders of magnitude greater than the Michaelis constant, 
K,, of the enzymic reaction by designing the electrode such that 
it operates in a diffusion-controlled mode (i.e., a t  high Thiele 
modulus values) for the substrate. In the case of enzyme-pH 
electrodes, large intramembrane pH gradients developing at  
these high values drastically reduce the membrane’s enzymic 
activity, forcing the electrode to function in a reaction-con- 
trolled mode. The efficient design of enzyme-pH electrodes 
therefore requires the fulfillment of a rather peculiar and strin- 
gent criterion, according to which the electrode should perform 
under substrate diffusion-limited conditions while the transport 
resistance for the product (namely, H’ ions) should be neither 
large nor negligible, but properly controlled. 

It is shown here, by employing a mathematical model that 
incorporates all the above-mentioned phenomena, that by de- 
signing enzyme electrodes with high enough Thiele modulus val- 
ues and by appropriately controlling the amount of added buff- 
er, it is possible to obtain unsaturated (and even linear) response 
behavior with enzyme-pH electrodes for substrate concentra- 
tions much higher than K,. Further, when the electrode is 
designed to meet the above criterion, its steady state response 
does not depend on the actual kinetics of the enzymic reaction 
and can be described by means of a simple algebraic equation. 

The developed model can account for the simultaneous for- 
mation of a weak acid and a weak base during the enzymic reac- 
tion. A urease-pH electrode useful for monitoring urea concen- 
tration in physiological fluids is used as  an example where the 
enzymic reaction leads to the formation of both a weak acid 
(H,CO,) and a weak base (NH,). The performance of enzyme- 
pH electrodes that involve the formation of only a weak acid or a 
weak base can be obtained as special cases of this more general 
treatment. 

The predictions of this model are found to be in excellent 
agreement with the experimental data on the penicillinase-pH 
electrode, and the urease-pH electrode developed by Nilsson et 
al. (1973) for monitoring penicillin-G and urea, respectively. 
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Notation 
A -, A H  = conjugate base and acid components of 

product weak acid 
B +  = conjugate acid of product base BOH 

BOH = basic product of the enzyme-catalyzed 
- reaction 
C = dimensionless hydrogen ion concentra- 

tion = C,+/K,  

CdKM 

- Ci = concentration of species i 
C, = dimensionless substrate concentration = 

C, = total concentration of product weak 
acid = C,, + C, 
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6’ = 6 4F = ( vmOx P ~ / D K , ) I / ~  
( = dimensionless distance coordinate = x/ 

P 

C,, = total concentration of product weak 

CTw = total concentration of externally added 

Dopp = concentration-dependent apparent dif- 

base = CEO, + C,- 
buffer weak = Cw- + C, 

fusion coefficient of H+  ions Superscripts 
D = diffusion coefficient 
e, = total enzyme concentration (includes all 

forms of the enzyme and enzyme-sub- 
strate comdexes) 

b = value of variable in bulk solutions 
0 = value of variable at  membrane-electrode 

interface . ,  
f= fractional change in substrate concen- 

tration between two faces of membrane 

F = fraction of the enzyme in catalytically 
active form = 1/[ + (CH+/Kl) + ( K 2 /  
CH+)l 

F” = F value corresponding to optimal pH of 

k = rate constant for decomposition of en- 

K = dissociation/association constant of 
- acid/ base 
K = ratio of dissociation constant of exter- 

nally added weak acid to protonation 
equilibrium constant of enzyme = Kw/ 
K ,  

k,, k, = forward and reverse rate constants of 
proton association/dissociation reac- 
tions for weak acid/base conjugate 
pairs 

k , ,  k2 = rate constants for decomposition of en- 
zyme-substrate complex into products 
for urea hydrolysis, Eq. 70 

K 1 ,  K2 = equilibrium constants of protonation 
and deprotonation reactions of enzyme 
or enzyme substrate complex 

= (c,; - C,”)/C$ 

enzyme 

zyme-substrate complex 

KM = Michaelis constant 
KSEH,, KSEH2. KsEH = equilibrium dissociation constants of 

S E  H,, S E  H;, and S E  H-, respectively, 
Eq. 70 

B = thickness of membrane (= L in figures) 
R = enzymic reaction rate (moles of sub- 

strate consumed per unit volume and 
unit time), Eq. 52 

ri = molar rate of consumption of species i 
per unit volume 

S = substrate of enzyme-catalyzed reaction 
S E H 3 ,  SEH;,SEH-, SE‘ = the four possible protonation states of 

urease-urea complex, Eq. 70 
V* = maximum limiting rate reached if all 

immobilized enzyme is in its catalyti- 
cally active form, Eq. 54 

Vmax = maximum limiting rate at a given pH, 
Eq. 53 

W -  = conjugate base of externally added 
buffer 

WH = conjugate acid of externally added 
buffer 

x = distance coordinate; origin is mem- 
brane-electrode interface 

Greek letters 
y = stoichiometric coefficient, Eq. 1 

ApH = change in pH from membrane-electrode 
interface to bulk = pHo - pHb 

x = ratio of deprotonation to protonation 
equilibrium constants of enzyme = K2/ 
K, 

X = ratio of Michaelis constant to protona- 
tion equilibrium constant of enzyme = 

K d K ,  
$J = Thiele modulus defined to characterize 

diffusional resistance for transport of 
substrate = (V* R2/DKM)I’/’ 

Subscripts 
A = acid product of enzyme-catalyzed hy- 

B = basic product of enzyme-catalyzed hy- 
drolysis reaction 

drolysis reaction 
i = ith species 

S = substrate 
W = externally added weak acid 
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